A technique is presented for calculating geoid height anomalies over two-dimensional models of Earth structure. The method consists of convolving gravity anomalies over the structure with filters which take into account the finite size of the structure in the third dimension and the curvature of the Earth. Similar filters are also developed for a flat earth case. The method is applied to a sea-surface gravity profile crossing the Tonga---Kermadec trench and is found to give good agreement with a Geos-3 radar altimetry profile in the same region. The example demonstrates that introducing arbitrary offsets in computing gravity anomalies can result in spurious long-wavelength effects in the computed geoid. Comparison of the results obtained using flat earth and spherical earth fdters suggests that the effects of the curvature of the Earth only become significant for wavelengths in the gravity field greater than about 1000 km.
Introduction
The use of gravity data to infer details of Earth structure is well established. With the advent of satellite altimetry methods (Stanley 1979) to measure the shape of the oceanic geoid directly, however, it is now also possible to use variations in the shape of the oceanic geoid to investigate the interior of the Earth. This paper describes a simple method for computing the geoid anomaly over a twodimensional model of Earth structure. Two-dimensional models are commonly used in geophysics, particularly in numerical modelling; the method is therefore of practical interest. Although more powerful techniques for computing the gravitational potential over threedimensional structures (Johnson & Litehiser 1972 ; Chapman 1979) could obviously be adapted to two-dimensional cases, the main advantage of the method described below is that it appears to be simpler to use in the two-dimensional case. The method also provides some insight into the effect upon computed geoid anomalies of geometrical factors such as the curvature of the Earth.
G. M. Jones Theory of method
The method is based upon Stokes' formula for the calculation of geoid heights on a spherical earth (Heiskanen & Moritz 1967, p. 94) where N ( 8 , A ) represents geoid height; Ag, free air gravity anomaly; R , mean radius of the Earth (6371km); 7 , normal gravity (980cms-*); S ( J / ) , Stokes' function; 8, A, geographical colatitude and longitude respectively, and; J / , angular distance between the points (8, A) and (O' , A'). Neglect of the ellipticity of the Earth introduces into (1) an error of order 10-3.
In ( 
To adapt equation (1) to the calculation of geoid heights over a two-dimensional structure, consider the geometry shown in Fig. 1 . P represents a point on a profile TS which lies on a spherical surface of radius R , and along which gravity anomalies are assumed to be given by a model. Let Q represent any point on TS, possibly including P, and denote the gravity anomaly at Q by Ago. We lose no generality and simplify matters if it is assumed that the profile TS lies along the prime meridian of the coordinate system and that the point P is defined by coordinates 8 =90", A =O". The coordinates of Q are then given by (O' , 0). 
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Let (-Al, hz) represent the assumed limits of the model in the direction normal to TS and denote the area swept out on the surface of the sphere by rotating TS from -A1 to A2 by A. Since the model is assumed to be two-dimensional, gravity anomalies in A are functions only of 8'. The gravity anomaly at a point Q' in A with coordinates (O', A') ( Fig. 1) is therefore given by AgQ(0'). Gravity anomalies outsideA are assumed to be zero. The geoid anomaly, N(P), at P can now be written using (1) as
In order to evaluate the integral over A', we need to express S($) in terms of 0' and A'.
In (4), $ represents the angular distance between the points P and Q'. In terms of the This is done as follows.
coordinates of P(n/2,0) and Q'(e', A'), expression (3) therefore simplifies to cos $ = sin e ' cos A'.
Using a standard trigonometric identity, we therefore obtain
Since $/2 < n we take the positive square root in (6). Inserting ( 5 ) and (6) into (2) we obtain
(1 -sine' cosx') ll2 21n (4) can now be written where and S@', A') is given by (7). Expression (9) can now be evaluated numerically.
Equation (8) shows that the geoid anomaly N(P) is obtained by convolving gravity anomalies along the profile TS with the appropriate form of the function F, which therefore acts as a filter.
The advantage of a formulation such as (8) for calculating geoid heights is that most of the geometrical effects such as the curvature of the Earth and the f~t e size of the structure have been combined into the function F. The gravity anomalies AgQ are less sensitive to these geometrical effects and therefore may perhaps be adequately computed using a simpler scheme; for example, a flat earth model or the approximate method for a sphere described by Lambeck (1972) . The numbers on the curves denote different values of A,. P denotes the evaluation point (Fig. 1) .
The form of the filter F, assuming XI=X2, as computed from (9) using trapezoidal integration is shown in Fig. 2 for several cases. The function is symmetric about the evaluation point P(n/2,0) as can be seen from expressions (7) and (9) which only depend upon 8' as sine'. Fig. 2 illustrates that the shape of the filter is quite sensitive to the assumed size of the structure in the direction normal to the profile. This is reflected in an increase in amplitude and a broadening of the filter as XI is increased. The effects of these changes upon the shapes of computed geoid anomalies are illustrated in the example below.
From (2) it can be seen that, as $ +O, S ( $ ) + 2 / $ +-. The function F in (8) is therefore singular at the evaluation point P (Fig. 2) . In order to assess the contribution of the singularity to computed geoid height, consider a spherical cap of radius E (where E is measured in kilometres) centred on P. Provided E is small enough (less than a few tens of kilometres) the spherical cap can be approximated by a plane circle. The contribution to N(P) due to the cap is then given by (Heiskanen & Moritz 1967, p. 122) For Agp = 50 mgal, y = 980 gal, E = 10 km, we find N, -50 cm. Thus, in general, the contribution of the singularity to the total geoid anomaly is likely to be small. In practice, because of the way in which the limits of integration in (8) and (9) were specified, it was found convenient to exclude from the evaluation of (8) and (9) a small square of sides 2e centred on the evaluation point. It was then assumed that the contribution of the square to the total geoid anomaly at P was also given by (10). This only introduces a minor error in the estimation of N (P).
Flat earth filter
It is interesting to compare the spherical earth formulae developed above with the corresponding expressions for a flat earth. In this case, the expression for the geoid anomaly at P is given by (e.g. Grant & West 1965, p. 266) 2-0 geoid anomalies 333 where r and 8 are polar coordinates centred on P and 7 is normal gravity as before. Equation (1 1) may also be written whence, converting to rectangular coordinates x =rcose,y = r sine, we obtain For comparison with the spherical case, let x represent distance along the profile TS relative to P and y distance normal to TS. Let the structure extend in they-direction from -yl toy2,where y1 is related to X l in (9) For larger values of X1, however, the spherical filters decay more slowly than the flat earth filters near the evaluation point but decay more rapidly at greater distances. This causes a noticeable difference in the long-wavelength components of the geoid anomalies computed using the different filters, as shown below. Another difference between the filters, which is not apparent from Figs 2 and 3, is that the spherical earth filters achieve a maximum size near X1 = 39", then decrease in size until X1= 118", after which they increase in size again up to X1= 180". These transition points correspond to the angular distances at which Stokes' function changes sign (see Heiskanen & Moritz 1967, fig. 2-17) .
A similar effect does not occur for the flat earth case. 
Example of method
As an example of the use of the formulae developed above, we will compare an actual geoid profile measured by the Geos-3 radar altimeter across the Tonga-Kermadec trench with geoid anomalies obtained by filtering a sea-surface gravity profile in the same region. The Tonga-Kermadec area is likely to provide a good test of the two-dimensional method, because the trench is linear and geoid anomaly maps derived from satellite altimetry (e.g.
Brace 1977) show that geoid anomaly contours in this area are predominantly parallel to the trench. Thus the assumption that the shape of the geoid in this region is primarily determined by the two-dimensional structure of surface topography and the downgoing slab may be a good one. Fig. 4(a) shows a Geos-3 geoid profile across the mid-point of the Tonga-Kermadec trench. From this profile it can be seen that the geoid in this region is characterized by a long-wavelength increase in geoid height which reaches a maximum over the back-arc area. Superimposed on the regional gradient is a local geoid minimum over the trench and a geoidal bulge over the outer rise seaward of the trench. 
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33s Fig. 4(b) displays a sea-surface gravity profile along a track which lies close to the subsatellite trace. These data were collected on a cruise of the Lamont-Doherty vessel Robert D. Conrad and obtained from the National Geophysical and Solar-Terrestrial Data Center.
The gravity data have been projected on to the subsatellite track before plotting.
Prior to filtering the gravity data, several additional steps were taken. First of all, the gravity anomalies were converted from a reference ellipsoid with flattening 11297 to one with flattening 1/298.255, which is the flattening of the ellipsoid to which Geos-3 values are referred. The corrections varied from -3.2mgal at the north-west end of the profile to +02mgal at the south-east end and have already been incorporated in the data plotted in Fig. qb) .
Because the widths of some of the filters in Fig. 2 are comparable to the length of the gravity profile in Fig. 4(b) , the gravity profile needs to be extended to minimize spurious edge effects. The GEM-8 gravity model (Wagner et al. 1977) shows a local gravity maximum of 20-30mgal over the Fiji Plateau to the north-west of the profile, whereas gravity anomalies to the south-east of the profile appear to be close to zero. The left end of the gravity profile was therefore extended by 1500 km with an assumed gravity anomaly value of 30 mgal which was gradually cosine-tapered to zero at the left end.
Finally, the gravity data were projected on to a line bearing N70" W, i.e. normal to the trench, and linearly interpolated t o uniform spacing. The results of filtering the resulting gravity profile with spherical earth filters corresponding to X1=XZ=5", lo", 20", and 30" are shown in Fig. 4(a) in which the computed geoid anomalies have been projected back on to the subsatellite track for comparison with the measured geoid.
Before comparing the computed and observed geoids, we can make some general observations about the shapes of the computed curves in Fig. *a) .
One immediate observation is that the absolute amplitude of the computed geoid curves increases as XI increases. This is caused by the fact that the gravity anomalies in Fig. 4(b) have a non-zero mean. The apparent offset in the computed geoids is in fact a longwavelength edge-effect caused by the convolution of the different filters with a rectangular function of width equal to the length of the extended gravity profile normal to the trench (3000km) and height equal to the mean of the gravity anomalies (12.6mgal). This longwavelength trend can also be seen in the gradual steepening of the geoid anomaly curves approaching the trench as X1 is increased. This effect has been pointed out by Chapman (1979) and is further illustrated in Fig. 5 . This figure shows the geoids obtained by filtering the gravity data in Fig. 4(b) with a filter 
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C. M. Jones corresponding to hl = 20" before and after the mean was removed from the gravity values. It is obvious from this figure that removing the mean from the gravity values affects not only the absolute amplitude of the computed geoid but the regional slope as well.
The effect of the choice of filter upon shorter-wavelength components of the computed geoid is less pronounced, as can be seen by comparing the difference in predicted geoid height between the axis of the trench and the volcanic arc for the different curves in Fig.  qa) . For A1=5", this difference is about 22m; for Xl=30", it is about 23 m. The reason for this small difference is that short-wavelength components of the geoid are primarily determined by the shape of the filters near the evaluation point which, in turn, display a similar singular character (Fig. 2) . Obviously, the importance of specifying the correct value of hl in modelling twcldimensional structures will depend upon the dominant wavelengths of the gravity anomalies involved.
Turning now to a comparison of the predicted geoid curves with the observed geoid, it can be seen from Fig. 4(a) that certain details of the predicted geoids match the observed geoid quite well. For example, the amplitude of the geoidal bulge over the outer rise and the large increase in geoid height between the trench axis and the volcanic arc are similar to the observed values in all cases. The filter corresponding to X1=20" also gives a good fit to the regional slope over the outer rise and trench, although significant differences exist between the observed and computed geoid slopes near the ends of the computed profile. These discrepancies may be caused by errors in the assumed values of gravity anomalies outside the profile. Little improvement in fitting the shape of the observed geoid profile is observed when XI is increased from 20" to 30".
The Tonga-Kermadec trench is approximately 20" long. Since hl represents the width on either side of the profile to which gravity anomalies are assumed to extend, a value of hl = 20" therefore implies that the gravity effect of the downgoing slab, which is presumably the cause of the long-wavelength increase in geoid height observed in Fig. *a) , can be felt out to a distance of at least 10" beyond the ends of the trench. This does not seem unreasonable. Comparison of the predicted geoid for Al=200 with the Geos-3 profile then suggests that there is an offset of 10-15 m between the gravimetric geoid and the altimetric geoid in this region.
Chapman & Talwani (1979) compared a number of gravimetric and altimetric geoid profiles in various oceanic regions. Although none of the profiles they examined crossed the Tonga-Kermadec trench, they found constant offsets of up to 24m rms between the two geoids in other areas. These offsets can be attributed to, among other factors, radial errors in determining the orbit of the satellite (Chapman & Talwani 1979) . Thus the discrepancy of 10-15 m inferred above does not seem unreasonable. Fig. 6 compares the geoids obtained by filtering the gravity data in Fig. 4 (b) with spherical earth and flat earth filters corresponding to XI =20". Comparing these geoids, it can be seen that the main effects of the curvature of the Earth are to be found in the longer wavelengths, as might have been expected. The flat earth filter does quite well in reproducing the short-wavelength features of the geoid in the trench region, but is unable to match the regional increase in geoid height upon which these features are superimposed. This result suggests that flat earth filters, which are easier to construct than spherical earth filters, may be used to calculate features of the geoid with wavelengths of perhaps 1000 km or less, but that they can introduce errors at longer wavelengths.
Conduaons
The success of the two-dimensional method in reproducing the main features of the geoid in the Tonga-Kermadec region lends confidence to the use of this method in interpreting geoid anomalies using two-dimensional models. As the above example demonstrates, however, there are some pitfalls to be avoided in using the method. Particular care should be taken if it is desired to model long-wavelength components of the geoid. An arbitrary change in the reference level for computed gravity anomalies can introduce spurious regional gradients in the computed geoids. Since one of the most useful aspects of the geoid data provided by radar altimeter satellites is the increased resolution obtained at long wavelengths compared to sea-surface gravity measurements (Chapman & Talwani 1979), this is not a trivial problem. One solut'ion might be to use a global gravity model to continue the gravity data outside the region which is being modelled and to refer computed gravity values inside the region of interest to a base level calculated from the global model. In modelling geoid anomalies with wavelengths of 1000 km or less, on the other hand, it may be sufficient to remove the mean from the computed gravity anomalies before filtering.
